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A comprehensive approach to problems such as automated on-orbit rendezvous and soft landing on a planetary
surface is presented for spacecraft employing pulse-operated (on-off) propulsion systems. Using a technique derived
from robust control theory, a new class of guidance algorithms that modulate the duration and frequency of thruster
firings is developed. These algorithms allow analytical characterization of transient errors, limit cycle deadband,
and the set of possible terminal conditions in the design process, without the use of dynamical approximations such
as linearization. With this approach, the desired performance is ensured in the presence of dynamical modeling
errors with known bounds; the effects of navigational errors can be minimized to the extent that they can be
bounded. A realistic application is illustrated via computer simulation of a hypothetical mission scenario, in which
a robotic spacecraft equipped with an aided-inertial guidance system soft lands on the planet Mars.

Introduction

IN missions carried out with robotic spacecraft, self-contained
guidance and control are often desirable and in some cases a

necessity. Although a wealth of theory exists for applications such
as automated orbital transfer, rendezvous, station keeping, and soft
landing, among others, much of this knowledge base presumes the
use of continuous throttleable or fixed-thrust propulsion, whereas
in practice many spacecraft are equipped with on-off gas jets or
thrusters because of their relative simplicity and low cost. This paper
describes a new technique for pulse-modulated operation of these
devices intended for use in the aforementioned problems.

A representative, but not exhaustive, review of previous work
emphasizing mission applications is as follows. Much of the ren-
dezvous literature is devoted to the determination of optimal trajec-
tories and their associated thrust profiles. Both theoretical and op-
erational aspects of rendezvous are discussed in the survey papers
by Jezewski et al.1 and Leonard and Bergmann.2 Parten and Mayer3

and Young and Alexander4 describe the rendezvous and docking
procedures developed for the Gemini and Apollo piloted missions,
respectively; these procedures have also been used in Space Shut-
tle missions. Automated rendezvous schemes have been proposed
for the Space Shuttle5'6 but not implemented. Previous missions in-
volving soft landing have all been accomplished with throttleable
propulsion systems. The early work leading to the guidance algo-
rithms used in the Apollo missions was performed by Cherry7 and
Battin.8 The operational Apollo lunar module guidance system is
described by Klumpp.9 The automated guidance schemes used by
the Surveyor and Viking spacecraft were similar: the terminal de-
scent system developed for the Surveyor lunar lander is described by
Cheng et al.,10 and Ingoldby11 discusses the corresponding system
for the Viking Mars landers.

Another prevalent feature of the literature is the use of linear
approximations of the spacecraft's dynamics to obtain an analyt-
ically tractable problem. Given the nonlinear behavior of on-off
thrusters, the closed-loop dynamics of systems employing these
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devices will be nonlinear even in cases where the spacecraft dy-
namics are otherwise linear. The use of on-off thrusters for attitude
control and station keeping presents similar problems. Control sys-
tem design in these cases has been accomplished with phase-plane
analysis and detailed computer simulation (e.g., the attitude con-
trol scheme of Farrenkopf et al.12). The autopilot systems for the
Apollo lunar module,13 the Viking lander,11 and the Space Shuttle14

have all employed phase-plane switching logic of some form. In
the approach employed herein, the guidance problem is solved with
an extension of the robust nonlinear control theory of Corless15 and
Leitmann,16 without the use of linear approximations or phase-plane
diagrams. The solution yields a new class of pulse-width/pulse-
frequency modulation algorithms that result in a quasilinear closed-
loop system. These algorithms allow for analytical characterization
of transient error behavior, limit cycle deadband, and the domain of
possible terminal states. Furthermore, it is shown that a prescribed
response is obtained in the presence of bounded dynamical modeling
errors and navigational errors.

Problem Description
A general form for the differential equations governing the motion

of a space vehicle with mass m(t) that is useful in rendezvous, soft
landing, and station keeping applications is as follows:

+/r(0 (1)
Equation (1) assumes a coordinate frame with its origin at some point
0, that rotates with angular velocity CJF in inertial space. The three-
dimensional vectors r, r, and r denote the position, velocity, and
acceleration of the spacecraft, respectively, in the rotating frame. The
position of the origin, 0, in an inertial frame is given by the vector
r0. The vector functions g and c represent gravitational acceleration
and Coriolis effects, respectively. The vector function/^ represents
the applied thrust force. For orbital rendezvous problems, the point
O is chosen to be the location of the target spacecraft; the rotating
coordinate frame is aligned with r0, taken to be the position of
the target vehicle relative to the center of the attracting body, and
rotates with r0. The same arrangement is also applicable to the
station keeping problem: in this case r0 defines the desired orbit
profile to be maintained. In terminal descent problems, the vector
r0 specifies the target landing site, with the angular velocity of the
rotating frame, a)F, representing the rotation rate of the target body.
An illustration of this type of coordinate frame for the terminal
descent application is given in Fig. 1.
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Fig. 1 Mars lander mission profile.

To perform a rendezvous, the relative position and velocity of the
spacecraft must be simultaneously reduced to values small enough
to permit successful docking with the target vehicle. A soft landing
mission also requires simultaneous control of position and velocity,
relative to a planetary surface. Station keeping, or orbit maintenance,
is a logical extension of rendezvous, in which the station keeping
spacecraft must essentially rendezvous with the desired orbit profile
repeatedly. These mission types are all conceptually similar from
the standpoint of guidance.

In many cases it is desired not only to control the terminal state
vector of the spacecraft but also to have it follow a desired trajec-
tory profile to meet additional mission constraints. A more general
version of Eq. (1) that accommodates this situation is given next.
The six-dimensional spacecraft state vector is recast in terms of the
guidance error vector x defined as

frO-r^O"!
:~[r(t)-rd(t)\

(2)

In Eq. (2), rd (t) and rd (t) represent the desired position and velocity
profile of the spacecraft, respectively. Incorporating Eq. (2) into
Eq.(l) yields the following differential equation for x:

x = Ax + B[g(r, r0) + c(r, r, coFj COF) -rd

where

= ro n
[o oj'

D __

(3)

(4)

In Eq. (3), the vector UT is the thrust acceleration, which is equal
to/r(0/w(0, and in Eq. (4), / is the 3 x 3 identity matrix. For
autonomous operation, a function of the form/r = f(rd,x) spec-
ifying the commanded thrust vector that will yield some desired
closed-loop system is sought.

Pulse-Modulation Guidance Theory
For pulse-operated propulsion systems, guidance equations are

needed that determine thrust vector magnitude and orientation com-
mands and provide the logic for their implementation. In this section
a class of guidance equations applicable to two different thruster
configurations is developed.

Analysis
The proposed class of functions for the commanded thrust vec-

tor, which shall be designated/c, consists of three components, as
follows:

The first component fo consists of feedback linearization terms
that transform the original nonlinear system given by Eq. (3) into a
nominally linear system:

fo = mrd - (6)

Note that the second term is optional. The form of control law pre-
sented in the following remains the same, although the numerical
values of the control effort and various stabilty will be different. The
second component// is a linear feedback law designed to shape the
closed-loop response of the transformed system such that it will
exhibit a prescribed behavior in the absence of perturbations:

= —mKx (7)

The third component fe is designed to simultaneously compensate
for errors as a result of thrust mechanization with discrete thruster
firings and other mismodeling of the spacecraft dynamics:

= -mk(x,t)n[(l/s)u(x)] (8)

The scalar function k and the vector functions n and u appearing
in Eq. (8) are to be defined in the design process; the requirements
they must satisfy are described in further detail later. In the most
general sense, a matrix function K£ can be used instead of &; here it
is assumed for simplicity that K£ = kl, where / is the 3 x 3 identity
matrix. The scalar parameter s in Eq. (8) ultimately determines
the accuracy with which the closed-loop system approximates the
desired linear system and will also be discussed subsequently.

In practice quantities such as the spacecraft position and velocity
are not known precisely but are estimated by an onboard navigation
system and other sensors. Other parameters, such as the spacecraft
mass, are not estimated but are known to fall within some bounded
range. The commanded thrust components given in Eqs. (6-8) are
therefore computed as follows:

fc = m{rd -g(r0,rd,x) -c(rd,rd,wF,x)

-Kx-k(x9t)n[(l/e)u(x)]} (9)

fc =fo(rd, rd, rd, ro, , x) > +/.(*) (5)

In Eq. (9), or, ro, and m are denoted with hat symbols to indicate the
use of inexact estimates or nominal values for these parameters. The
derivative of u; F is not shown in Eq. (9) because both it and UJF can be
computed from r0 in rendezvous and station keeping applications,
and in soft landing applications u>F is very nearly constant for most
target bodies of interest.

The actual thrust force at any instant will differ from the com-
manded value, with the extent of this difference depending primarily
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on the number of discrete thrust levels available from the spacecraft's
propulsion system. The applied thrust vector fT is

(10)

In Eq. (10), the matrix C is the orthogonal transformation matrix be-
tween the spacecraft body-fixed reference frame mechanized in the
spacecraft's computer and the rotating frame used for the guidance
computations. The matrix 8C is the transformation matrix between
the true spacecraft body frame and the computed body frame. The
vector 8fm represents the applied thrust error as a result of quan-
tization and any other types of thrust mechanization errors. The
use of superscript b in Eq. (10) denotes that the indicated vector is
expressed in the body frame. If it is assumed that the attitude deter-
mination errors embodied in the matrix 8C are small (on the order
of a few degrees), then SC can be accurately approximated as

where

8® =
' 0 86Z -86y

-80Z 0 B9X

86V -80X 0

(11)

(12)

In Eq. (12), the parameters 89X, S9y, and 80Z are small rotations about
the x, y, and z computed body axes, respectively, which would bring
the computed body frame into alignment with the true body frame.
Using Eqs. (11) and (12), one can write the applied thrust vector as
follows:

where

CS®CTfc

(13)

(14)

Further characterization of 8fm requires specific information about
the number, thrust levels, and configuration of the thrusters com-
prising the propulsion system.

Using Eqs. (3), (4), (9), and (1 1-14), one can write the closed-loop
dynamical equations of the spacecraft as follows:

x = Ax + B{8g + 8c +

-Kx-k(x,t)n[(l/s)u(x)]}

- (8m/m)fc

(15)

In Eq. (15), the quantities 8g, 5c, and 8m are equal to g — g, c — c,
and m — ra, respectively. With further manipulation, Eq. (15) can
be written as

x = [A - BK]x + B{8e - k(x, t)'n[(l/e)u(x)]} (16)

where

8e = 8g + 8c + K8x + (SfT - 8mfc)/m (17)

In. Eq. (17), the vector 8x is equal to jc — x and represents errors
in the position and velocity estimates supplied by the spacecraft's
navigation system.

Equations (16) and (17) represent a nonlinear, nonautonomous
system. The functions k, n, and u and the parameter e, comprising
the/e component of the commanded thrust given in Eq. (8), ensure
that the desired linear response is achieved. This is accomplished
with a technique developed by Corless15 andLeitmann16 for use with
control actuators possessing a continuous and unbounded operating
range, in which modeling uncertainties are treated in a deterministic,
rather than a stochastic, manner. The key extension of their theory
employed herein is the use of fe to compensate for known thrust
mechanization errors caused by the use of pulse-operated thrusters,
as well as other unknown modeling errors.

The properties required of &, n, and u are now stated. The function
k is a positive, continuous, bounding function that must satisfy the
following inequality:

For the general case mentioned earlier, in which a matrix function K£
is used instead of a scalar function k, Eq. (18) would be interpreted
as requiring the norm of K£ to be greater than the magnitude, or
formally the Euclidean norm, of the vector 8e. The vector function
n can be any continuous function with the following properties:

\\n(etu)\\ > l- \\u\\

(19a)

(19b)

The vector function M is a linear function of the estimated guidance
error vector Jc and another feedback matrix, designated P:

u = BTPx (20)

The matrix P is obtained from the Lyapunov equation given in
Eq. (21). This equation has a unique solution that is symmetric
and positive definite, provided that the matrix [A — BK + al] has
eigenvalues with only negative real parts, where a is a positive num-
ber such that — a is greater than the real parts of the eigenvalues of
[A — MT].18'19 The matrix Q can be any positive definite matrix:

P[A -BK + al] + [A - BK + alfP + 2Q = 0 (21)

The stability of the closed-loop system defined by Eqs. (16-21)
will be evaluated using Lyapunov methods. 15~19 A Lyapunov func-
tion candidate is sought that indicates that in some region of the
domain of x all trajectories x(t) are uniformly exponentially con-
vergent to within a small region of radius b (i.e., ||jc|| < b) around
the origin (x = 0). Specifically, this system is exponentially con-
vergent with rate a if for some positive constant ft the following
inequality is satisfied15:

IWOII < b + P\\x(to)\\ exp[-a(f - t > t0 (22)

Let V(x) = ^xTPx, where the matrix P is obtained from Eq. (21),
be Lyapunov function candidate. To validate Eq. (22), V(x) must
possess the following properties:

ci\\x\\2<V(x)<c2\\x\\2;

V(x) < -2a[V(x) - V*];

0

V(x)

(23a)

(23b)

Equation (23) represents a set of sufficient conditions only. The
fact that a Lyapunov function satisfying these conditions may not
be found, or if for a given V(x) these conditions are violated for
some value of jc, does not by itself demonstrate that the origin of
the closed-loop system is unstable. Equation (23a) is satisfied if P
is positive definite, which is the case because P is the solution of
Eq. (21). If the condition of Eq. (23b) is met, then Eq. (22) will
hold, with the radius of convergence b being equal to (V*/cj)1 / 2 .
Once the state vector has entered the region ||jc|| < b, it will remain
within that region indefinitely. A detailed proof of these properties
has been performed by Corless.20 Equations (16) and (20) and the
conditions imposed on the function n in Eq. (19) yield the following
expression for V(x)21:

V(x) = -2aV(x) - xTQx +

+ 8u-[8e-k\\n\\(u/\\u\m

- (u/\\u\\) - k\\n\\

(24)

If the direction of 8u relative to u is assumed to be arbitrary, then
the following inequality can be constructed from Eq. (24):

V(x) < -2aV(x} + E (25)

where

E < \\u\\(\\8e\\ - k\\n\\) + \\8u\\(\\8e\\ + k\\n\\) (26)

Using the minimum requirements on k and \\n\\ given in Eq. (18)
and Eq. (19a), respectively, another inequality that illustrates the
dependence of the region of convergence on A;, n, and s is given by

k ( x , t ) > \8e\ (18) E<ke(l +\\8u\\f \\u\\)+ \\8u\\(\\8e\\+k) (27)
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By establishing bounds on the terms in Eq. (27), an upper bound
on E can be established. This, in turn, allows a suitable value of
V* to be determined using Eqs. (23), and hence the radius of con-
vergence b around the origin. The second term of Eq. (27) shows
that navigational errors, which manifest themselves in 8u, impose
a fundamental limitation on the smallest value of E that can be
achieved in practice. In some situations this limitation may be less
pronounced, depending on the relative orientation of the 8u and u
vectors over the course of the mission. Navigational data generated
with a minimum variance estimation algorithm such as the Kalman
filter have the property 8x • x — 0 (see Brown,22 for example), which
in turn limits the magnitude of 8u • u.

It should be noted that the theory just presented provides a suf-
ficiently general framework for the synthesis of both explicit and
implicit guidance laws. By making the vectors rd and rd constant,
with rd = 0, an explicit guidance law is obtained, in which the
commanded thrust is a function only of the difference between the
current estimated spacecraft position and velocity and the desired
terminal state, specified by rd and rd. An implicit guidance law, in
which the commanded thrust is derived from differences between
the estimated flight path and a desired trajectory profile, is obtained
when rd, rd, and rd are chosen to be time-varying quantities.

Reaction Control System Configuration
A guidance law for use with a reaction control system of small

thrusters is illustrated next. This type of system, used for attitude
control, station keeping, and small (<10-20-m/s) maneuvers, pro-
vides a fixed thrust level in each of three orthogonal directions, in
both a positive and negative sense. Some spacecraft, such as the
Space Shuttle, carry enough thrusters to provide two or three differ-
ent thrust levels along each axis. Equations (26) and (27) will be used
to characterize the behavior of state trajectories in different regions
of the domain of x. This presentation is a more general version of
a similar guidance law developed previously by the authors.23 We
emphasize that the control law derived here does not assume or-
thogonal jets, and indeed the jets in the simulation example are not
orthogonal.

Guidance Law
The relationship between the commanded and applied thrust for

each axis of a three-axis system is shown in Fig. 2. The hysteresis
behavior that is characteristic of actual thrusters is also shown in
Fig. 2. The fo component of the commanded thrust vector is as
given in Eq. (9). The// component of the commanded thrust is a
proportional-plus-derivative feedback law, as follows:

(28)

In Eq. (28), Af and Av comprise the estimate of the guidance error
vector x (i.e., x = [AfAv]7). From Fig. 2, the maximum error
between the commanded and applied thrust before saturation is seen
to be 0.5 T. Assuming that the other error sources in Eq. (17) are
small, then \\8e\\ < T/2m (m in this case is the maximum spacecraft

mass), and for the/£ component of commanded thrust, the function
k is also T/2m. The function n is

n(e,«) = 0;

n(e,u)=u/\\u\\\

\\u\\ < s
(29)

> £

This form for n is chosen because it closely mimics the behavior of
the thrusters. The vector u is composed of the same feedback law
used for/f in Eq. (31):

u — KP Af H- KD Av (30)

The Appendix describes a method for deriving feedback laws of
this form from Eq. (21) by substituting BTP for the matrix K. In
summary, the commanded thrust vector is

fc = m(rd -g-c - Kp&r- KDAv)

(31)

Sensor Uncertainty Region
The existence of navigation errors will result in a region around

the origin that cannot be reached with certainty. Equation (27) shows
that E has a lower bound as follows:

E < \\8u\\(T/m) (32)

Using Eqs. (25) and (32), an expression defining this region can
be obtained. An additional expression is needed (obtained from the
Appendix), which bounds the Lyapunov function V (x):

- 2KPKD\\Ar\\\\&v\\ < V(x)

(33)

The parameter KL in Eq. (33) appears in the matrix P used to obtain
Eqs. (28) and (30), as shown in the Appendix. Combining Eqs. (25),
(32), and (33) yields the desired expression:

ATL||Ar|| < \\8u\\T / (2am)
(34)

Deadband Region
The deadband in the thruster switching curve in Fig. 2 will result in

exponential convergence to within a deadband region in the domain
of jc determined by the parameters in Eq. (29). Using Eqs. (27), (29),
and (33), one can obtain the following expression for this region:

KL|| Ar||2 + KD\\ Av||2 - 2KPKD\\ Ar|||| Av||

(35)

Exponential Convergence Region
From Eq. (26), it is evident that the parameter E is no longer

bounded when the commanded thrust vector exceeds the capability
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Fig. 2 Switching curve for reaction control system.
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Fig. 3 Switching curve for clustered engine configuration.

of the propulsion system (i.e., saturation). Beyond this point, expo-
nential convergence cannot be assured. Assuming that the effects of
navigation errors are relatively small, this region is defined by

m(\\rd\\ KP\\ Ar|| (36)

In Eq. (36), rmax represents the maximum thrust capability of the
propulsion system. In some cases, especially rendezvous applica-
tions, the functions g and c can be functions of Ar and need to be
represented as such to obtain a useful expression.

Asymptotic Convergence Region
The minimum requirement for assuring convergence of the state

trajectories to within the deadband region, regardless of rate, is to
have V(x) < 0. Using Eqs. (25), (26), and (33), one obtains the
following inequality describing this constraint:

(K2
P - aKL)\\ Ar||2 + KD(KD - a)|| Av||2

+ 2ATPA'D(l+a)| |Ar| | | |Av||

+ (AT, || Ar|| - Tmax/m) < 0 (37)

In Eq. (37), the term ||no II is equal to ||g|| + ||c || + ||rrf ||. The potential
dependence of the functions g and c on Ar must be taken into account
in this case as well.

Clustered Engine Configuration
Spacecraft that must perform relatively large (>100-m/s) veloc-

ity changes may be equipped with multiple engines in a clustered
arrangement to provide an operating range of several discrete thrust
levels. In this case the thrusters would likely be mounted parallel
to one another. With this configuration, the thrust axis must be con-
tinually aligned by the attitude control system with the commanded
thrust vector.

Guidance Law
The relationship between the commanded and applied thrust

along the thrust axis is shown in Fig. 3, including the actual re-
sponse of typical thrusters. The function n in this case is chosen to
be a variant of the saturation function:

n(e, u) — u/s\ \\u\\ < e

n(e,ii)=M/||tt | | ; \\u\\ >£
(38)

This form of n avoids step changes in the orientation of the com-
manded thrust vector, which could destabilize the operation of the
spacecraft's attitude control system. As shown in Fig. 3, the max-
imum error between the commanded and applied thrust along the

thrust axis, before saturation, is 0.57, where T is again the thrust
level of a single thruster. As the thrust level quantization error in
each component of the guidance coordinate frame is a function of
the commanded thrust vector orientation, a modified version of the
commanded thrust expression of Eq. (31) is proposed for this case,
which is tailored to the characteristics of the thrust mechanization
errors:

fc =/0

where

and

fo +ff = ™>(Td -g-c-KpAr- KD Av)

0 /:0+sin|0| 0

0 0 &0 + cos Je2 + 02

(39)

(40)

(41)

In Eq. (39), the function n is that of Eq. (38). The commanded thrust
components seen in Eq. (40) are unchanged from their counterparts
in Eq. (31). The parameters 9 and </> appearing in Eq. (41) are the
angles between the z axis of the guidance coordinate frame and the
projections of the thrust vector in the x—z plane and the y—z plane,
respectively. The parameter ko must be greater than zero and must
be chosen to ensure that norm of the matrix K£ satisfies Eq. (18); if
ko were equal to zero, this might not otherwise be the case when
the angles 9 and 0 are close to zero.

Performance Analysis
With the guidance law proposed earlier, the sensor uncertainty re-

gion, deadband region, exponential convergence region, and asymp-
totic convergence region can be characterized by the same equations
derived for the reaction control system. These are Eqs. (34-37), re-
spectively. Note that the use of these equations for the clustered en-
gine configuration will generally lead to conservative results, since
it is assumed that the thrust mechanization errors in each coordinate
have their maximum possible value, regardless of the commanded
thrust vector orientation. In terminal descent and landing applica-
tions, the thrust magnitude needed to compensate for the gravita-
tional pull of the target body may result in at least one thruster firing
continuously. The use of the phrase deadband region in this case is
not meant in the literal sense.

Mars Soft Landing Computer Simulation
In this section the guidance theory presented earlier is applied

to the conceptual design of an integrated guidance, navigation, and
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control system for a hypothetical Martian soft lander. The perfor-
mance of this vehicle is then investigated with a detailed digital
computer simulation.

Mission and Spacecraft Description
The mission profile is illustrated in Fig. 1. The lander is trans-

ported to Mars in an entry vehicle that is carried by a cruise stage,
which supports power generation, telecommunication, attitude de-
termination and control, and midcourse propulsion functions during
the interplanetary phase of the flight. The principal element of the
lander's guidance system is an inertial navigation system, whose
state vector is initialized 34 min before landing (L — 34 min in
Fig. 1) with ground-based estimates of the spacecraft position and
velocity vectors. The attitude matrix of the guidance system is estab-
lished by an alignment process performed onboard the spacecraft.
The alignment process is also used to calibrate the bias error com-
ponents of the system's gyroscopes and accelerometers.

After initialization, the cruise stage's reaction control system is
used to perform small maneuvers, correcting any discrepancies be-
tween the flight path indicated by the guidance system and a stored
trajectory profile, and for three-axis attitude control. Shortly before
atmospheric entry, the entry vehicle is spun up to 2 rpm by the
cruise stage, which is then jettisoned. As the Martian surface ap-
proaches, a parachute is deployed to further slow the lander, and an
onboard radar altimeter is activated. Once the radar system locks on
to the surface, the lander separates from the entry vehicle backshell,
activates its propulsion system, and completes its descent under
automatic control. This mission profile is based on the entry and de-
scent sequence for the Mars Pathfinder robotic spacecraft.24 Unlike
the guided lander simulated herein, Mars Pathfinder is an unguided
vehicle that employs solid rocket motors for braking shortly be-
fore landing, yielding impact velocities of 10-30 m/s; the vehicle
cushions itself from the landing shock using an airbag system.

Key configuration data for the lander are given in Table 1. The
spacecraft's propulsion system is the clustered engine type of a
configuration described previously. This system consists of seven
445-N main thrusters and four 4.5-N thrusters for roll control. The
thrusters employ hypergolic nitrogen tetroxide/hydrazine propel-
lants delivered by a blowdown pressurization system and are based
on actual prototype hardware developed for small interceptor vehi-
cles designed to destroy ballistic missiles.25 By differential pulsing
of engines offset from the nominal thrust axis, attitude control about
the pitch and yaw axes is accomplished with the same thruster set
used for guidance.

A high-level block diagram of the guidance, navigation, and con-
trol system is shown in Fig. 4. The spacecraft is equipped with a
strapdown inertial measurement unit (IMU), consisting of three ring-
laser gyroscopes and three pendulous integrating accelerometers,

and a small radar altimeter. The inertial instrument data are pro-
cessed to mechanize the landing site-centered rotating coordinate
frame of Fig. 1 in the spacecraft's flight computer, yielding indicated
position, velocity, and attitude data (these quantities are designated
with a subscript i in Fig. 4), which, along with a radar bias error
parameter, are corrected by a sequential filter algorithm that pro-
cesses altitude measurements from the radar system. The radar is a
wide beamwidth (60-deg) first-return unit; that is, it measures the
distance from the vehicle to the nearest point on the surface. The
estimated position, velocity, and attitude parameters (indicated by a
hat symbol in Fig. 4) are used by the guidance law to compute the
commanded thrust vector magnitude and orientation, designated fc
and ©0 respectively, in Fig. 4. The commanded thrust vector ori-
entation is then passed to the attitude control law for determination
of the commanded moment vector, designated mc in Fig. 4. The
jet select logic in the engine controller issues firing commands to
specific thrusters based on the values of mc and fc.

Using Eqs. (38-41), a guidance law for the lander was developed.
The switching curve of Fig. 3 (for a cluster of seven engines instead
of the five shown) was used by the engine controller. The elements of
the matrix function #e appearing in Eq. (41) were chosen to compen-
sate for thrust mechanization errors as a result of the operation of the
attitude control law, in addition to thrust level quantization errors in
the switching curve of Fig. 3. An attitude control law with the same
form as Eq. (31) was developed, with the appropriate terms from
the rotational equations of motion substituted for the gravitational
and Coriolis acceleration terms (the functions g and c, respectively),

Table 1 Mars lander spacecraft configuration data

Parameter
Nominal

value
RMS(lcr)

variation, %

Initial mass
Spacecraft (dry), kg
Propellant/oxidizer, kg

Initial moments of inertia
Yaw (x axis), kg-m2

Pitch (y axis), kg-m2

Roll (z axis), kg-m2

Center of mass offset, cm
Main thrusters

Thrust level, N
Rise time, ms
Max acceleration, m/s2

Max pitch/yaw acceleration, rad/s2

Roll thrusters
Thrust level, N
Rise time, ms
Max roll acceleration, rad/s2

220.0
30.0

80.0
80.0
100.0
0.0

445.0
3.0
12.5
1.11

4.45
1.0

0.10

±1.0
±1.0

±2.0
±2.0
±2.0
±1.0

±3.0

±3.0

( I N I T I A L )
I CONDITIONS J

Fig. 4 Mars lander guidance, navigation, and control system, fy = thruster vector, m = moment vector,/6 = contact force in body frame, wb - angular
velocity in body frame, x = spacecraft state (position, velocity), 0 = spacecraft attitude parameters, and h = measured altitude.
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Table 2 Guidance and control system parameters

Parameter

Computer cycle rate, Hz
Delay time, ms

Guidance law
a, s"1

<2p,s-2

QD
KD,S~ I

KP,s~2

*L,s-3

ko
s, m/s2

Attitude control law
c^s-1

<2p,s-2

QD
KD,S~I

KP,s~2

^,s-3

*,s-2

*,,s-2

£ ,s~2

Description

Frequency of command computations
Computation time required for each

command computer cycle

Guidance error rate of convergence
Position weighting factor
Velocity weighting factor
Velocity feedback gain
Position feedback gain
Lyapunov function parameter
Corrective scale factor
Guidance deadband parameter

Attitude error rate of convergence
Angular position weighting factor
Angular rate weighting factor
Angular rate feedback gain
Angular position feedback gain
Lyapunov function parameter
Corrective acceleration (pitch/yaw)
Corrective acceleration (roll)
Attitude deadband parameter

Value

50
3

10
io-5

io-5

0.2
0.02
0.004
0.05
0.02

1
io-5

io-5

4.0
8.0
48

1.11
0.10
0.07

Table 3 Inertial navigation system error model

Parameter RMS (la) value

Landing site elevation error, m
Initial position error, km

Initial velocity error, m/s

Initial attitude error, deg
IMU misalignment, arcsec
Gyro error model

Bias calibration error, deg/h
Time-varying bias,a deg/h
Scale factor error, ppm
Time-varying scale factor,a ppm
Scale factor asymmetry, ppm
Time-varying asymmetry,a ppm
Random walk, deg/h1/2

Accelerometer error model
Bias calibration error, /xg
Scale factor error, ppm
Scale factor asymmetry, ppm
Compliance (#2), ng/g1

White noise, mm/s
Radar altimeter error model

Proportional biasb

White noise, m

300
5.18 (altitude)

7.55 (downrange)
1.04 (crossrange)

6.36 (altitude)
1.13 (downrange)
1.96 (crossrange)
0.33 (each axis)

18

0.10
0.03
100
25
10
10

0.10

50
100
25
1.0
1.0

0.003
0.20

aModeled as first-order Gauss-Markov processes with time constants of 1 h.
hModeled as first-order Gauss-Markov process with time constant of 3 min.

and angular position and velocity feedback terms substituted for the
translational position and velocity terms of Eq. (31). The guidance
and attitude control law parameter values are summarized in Table 2.
The feedback gains given in Table 2 were obtained by solution of
Eq. (A3) in the Appendix. Command force and moment values were
computed and transmitted to the engine controller every 20 ms, as
indicated in Table 2. The engine controller issues commands to the
thruster valves only when it detects a change in the requested state
of a given thruster.

The error model for the inertial navigation system is summarized
in Table 3. The instrumentation errors are represented by mathemati-
cal models developed through extensive test and flight experience.26

The performance of this system is representative of similar systems
used in short-range military aircraft and guided missiles. The initial
position and velocity uncertainties represent the error covariance
of the navigation system after propagation of the error covariance

matrix at initialization, determined by Earth-based radio tracking of
the spacecraft, along the atmospheric entry trajectory to the point of
radar lock-on. (Britting27 provides a detailed treatment of the error
equations for inertial navigation systems.) Navigational errors were
simulated by numerical integration of the error equations, using a
pseudorandom number generator to sample the statistical distribu-
tions of the error sources described in Table 3. It is assumed that
the inertial navigation equations are implemented in the flight com-
puter with sufficient accuracy to make numerical computation errors
negligible.

Simulation Procedure
At radar lock-on, the target landing site is designated to be the

point directly below the lander. This results in the radar system
viewing the same terrain during most of the descent, minimizing
the effects of unknown terrain variations in the altitude data. If the
commanded thrust vector has a positive z component (which can
occur early in the descent), requiring the spacecraft to accelerate
towards the surface, this component is ignored, and instead only
the gravity compensation component is implemented, allowing the
lander to continue at its current rate of descent. The guidance law
uses constant values of r</ and rd, chosen to target the spacecraft to a
descent rate of 2 m/s at an altitude of 10 m. Once the spacecraft ap-
proaches these values to within the prescribed deadband region, the
x and y target coordinates are reset to the current x and y position
values indicated by the navigation system, to remove the effects of
position errors from the commanded thrust vector, and a target alti-
tude and descent rate of 0 m and 1 m/s, respectively, are commanded
until touchdown occurs. This final descent segment is designed to
minimize the lateral velocity of the lander at touchdown.

In vertical descent the resulting closed-loop system is character-
ized by one-axis dynamic behavior given by

Ar = 0 (42)

Using the values of gains computed using the proposed approach
results in a closed-loop damping f — 0.707 and a natural frequency
a) — 1.414a. For a detailed description of the approach to one-axis
guidance and attitude control given, see Ref. 21.

Results
Results obtained from simulations representing three different

scenarios are summarized next. The x and y components of ini-
tial position were zero in all cases. The lander is also assumed to
be in a vertical orientation initially in each case. Case 1 represents
an ideal scenario in which radar lock-on is achieved at a nomi-
nal 1500-m altitude and 70-m/s descent rate (see Fig. 1), with the
lander having no initial downrange (x) or crossrange (y) velocity
components. Case 2 represents a scenario in which radar lock-on
occurs at an unexpectedly low altitude of 1100 m, and the lander has
developed a 20-m/s downrange velocity on the parachute. Case 3
represents a worst case scenario in which the lander achieves radar
lock-on at the nominal altitude but has developed unusually large
downrange (40-m/s) and crossrange (30-m/s) velocity components
while on the parachute and also has a relatively large descent rate of
80 m/s.

Contours defining the inaccessible, deadband, exponential con-
vergence, and asymptotic convergence regions for the guidance law
were developed using expressions based on Eqs. (34-37) and the
data in Tables 2 and 3, and they are shown in a two-dimensional
space spanned by ||Ar|| and ||Av|| in Fig. 5. Curves representing
the actual trajectories obtained in the three simulation cases are also
shown in Fig. 5. The velocity coordinate histories for case 3, the
worst case scenario, are shown in Fig. 6. The depression angle rel-
ative to the — z axis and the azimuth angle relative to the x axis of
the commanded and actual thrust vectors for case 3 are illustrated
in Fig. 7. The commanded and actual thrust magnitude histories for
case 3 are shown in Fig. 8.

The lander required about 40 s to reach the surface in each sce-
nario. The velocity component histories of Fig. 6 are representative
of the response of a linear system, demonstrating that the pulse
modulation guidance law does, in fact, yield the desired type of
closed-loop behavior. In addition, Figs. 6-8 show that simultaneous
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Fig. 5 Position-velocity magnitude map of simulation cases.
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1000 500
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10 35

10,000.0

15 20 25 30
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Fig. 6 Velocity vector components (simulation case 3). Note: error bars represent ±lcr deviations.
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Fig. 7 Thrust vector orientation (simulation case 3).
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Fig. 8 Thrust magnitude (simulation case 3).

30 35 40

control of the lander's translational and rotational motion can be
successfully achieved with the same thruster set. The thrust vector
orientation history of Fig. 7 shows that the guidance law initially
commands a large pitch maneuver to null the downrange and cross-
range velocity components quickly. Although radar contact with
the surface is lost for thrust vector depression angles greater than
30 deg, the lander quickly recovers to a near-vertical orientation
for the remainder of the descent, ensuring proper radar operation.
The erratic behavior of the thrust vector azimuth angles in Fig. 7
occurs because this parameter becomes undefined as the depression
angle approaches zero. Note that when the first target altitude of
10 m is reached and the lander redesignates the x and y position
components of its target state, the guidance law briefly commands
a roughly 15-deg pitch maneuver. The effect of this maneuver can

also be seen in Fig. 6. This occurs because the guidance system is
nulling small downrange and crossrange velocity components that
developed earlier, as a result of the buildup of x and y position er-
rors in the inertial navigation system that could not be sensed by the
sequential filter from the altimeter data.

Note from Fig. 5 that in all three scenarios the initial conditions lie
outside the asymptotic convergence region and that the touchdown
conditions are inside the "inadmissible" region. These characteris-
tics serve to emphasize that Lyapunov theory establishes sufficient,
not necessary, conditions for these regions. In general, the simula-
tion results of Figs. 5-8, along with additional simulation results
not included herein, suggest that bounds on the behavior of the
guidance and control systems derived using Lyapunov-based de-
sign techniques tend to be conservative.
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Conclusions
A new class of pulse-mode controllers for guidance and attitude

control of spacecraft was developed. The proposed control algo-
rithms were developed using Lyapunov's stability theory and result
in a robust, exponentially convergent closed-loop behavior. These
control laws are able to approximate a well-behaved, damped quasi-
linear system by modulating both the width and frequency of jet
pulses. The proposed approach does not depend on analytic approx-
imations and allows for analytical characterization of closed-loop
behavior in terms of important design parameters such as transient
errors, limit cycle deadband region, and guaranteed region of con-
vergence. Since Lyapunov's theory yields only sufficient conditions,
the actual regions of convergence and transient behavior might be
even better than predicted by the theory presented in this paper. The
actual full capability of the proposed control laws needs to be eventu-
ally checked by simulation. However, as shown in a simulation study
presented in this paper, the analytical conditions derived using the
proposed approach lead to a very good qualitative assessment of the
system's closed-loop behavior. This makes the proposed approach
valuable in developing pulse-mode controllers whose behavior was
evaluated exclusively by extensive numerical simulations.

Appendix: Feedback Gain Matrix Computation
One useful technique for matching the feedback components of

the commanded thrust, the vectors// and/e from Eqs. (7) and (8),
respectively, is to set the gain matrix K in Eq. (7) equal to BTPx.
As shown by Corless,20 this yields the following matrix Riccati
equation:

P[A + al} + [A + aI]TP - 2PBBTP + 2Q = 0 (Al)

The matrices A and B are given in Eq. (4). A class of solutions to
Eq. (Al) has the following simple form:

>\KLI Kpll
~ \_KpI KDI\

(A2)

The matrix Q used to obtain solutions conforming to Eq. (A2) is as
follows:

(A3)~Qpl 0 I
> Qol\

Substitution of Eqs. (A2) and (A3) into Eq. (Al) yields polynomial
equations for KD, KP, and KL\

K4
D - 4aK3

D + (5a2 - 2QD)K2
D + 2a(2QD - a2)KD

(Q2
D-2a2QD-QP)=0

(A4)

KP = a(KD - a) + ai(KD-a)i + Qp

KL=2KP(KD-a)

Although multiple solutions to Eq. (A4) exist, only one set of gains
results inP being positive definite. For the correct solution, KD,KP,
and KL, as well as the expression KLKD — K2

P, must be positive.
As discussed earlier, the norm of the six-dimensional guidance error
vector decreases exponentially with rate a. Within the exponential
envelope established by a given a, the coefficients QP and QD ap-
pearing in Eq. (45) determine the amount of emphasis the resulting
guidance law will place on nulling guidance errors in position rela-
tive to guidance errors in velocity.
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